Example 2. If X is -dimensional Brownian motion, then it has transition densities,
And, more generally, if X is an isotropic stable process with index α ∈ (0 2] with exponent Ψ(ξ) = ξ α , then X has transition densities given by the inversion formula, viz.,
This integral can be computed when α = 2 [see above], and also when α = 1, in which case,
See also the remarks that follow Lemma 10 on page 1.
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It is quite natural to ask, "what are the necessary and sufficient conditions on Ψ that guarantee that X has transition densities"? This is an open problem that has been unresolved for a very long time. However it is possible to construct simple sufficient conditions (see Exercise 2 on page 83).
Definition 3. A Lévy process is said to have a λ-potential density for some λ ≥ 0 if there exists a measurable function λ () :
for all ∈ R and measurable : R → R + . If this property holds for all λ > 0, then we say that X has potential densities.
Remark 4.
(1) If it exists, then λ λ is a [probability] density for λ > 0 fixed;
(2) If X has transition densities, then X has potential densities, and we can write
The converse is not true in general; see Exercise 1 below.
Recall that if ∈ C 0 (R ) then R λ ∈ C 0 (R ); this is called the "Feller property." As it turns out, Lévy processes that have λ-potential densities satisfy a stronger property.
Proposition 5 (Hawkes, 1979) . If X has potential densities { λ } λ>0 , then X has the "strong Feller property;" that is, R λ ∈ C (R ) for all bounded and measurable : R → R and every λ > 0.
this proposition follows from a general property of convolutions; namely, * ∈ C (R ) whenever ∈ L 1 (R ) and is bounded.
Because * is continuous, it follows that * is uniformly within (1 + sup |()|) of a continuous function. This proves the continuity of * ; boundedness is trivial.
Excessive functions
Definition 6. A function : R → R is said to be λ-excessive if ≥ 0 is measurable and exp(−λ)P ↑ as ↓ 0 [pointwise].
Potentials of nonnegative measurable functions are the archetypal examples. Indeed, if : R → R + is measurable, then
Proof. Because of a change of variables,
The monotone convergence theorem implies that µR µ+λ ↑ as µ ↑ ∞. This is equivalent to the statement of the result. From now on, we always choose a lower semicontinuous version of the λ-potential densities when they exist.
Proof. By the Lebesgue differentiation theorem, for every λ > 0,
Therefore, the resolvent equation (3, page 58) tells us that For all bounded measurable :
Thanks to the resolvent equation (3, page 58),
Lévy processes that hit points
Theorem 10. Let X be a Lévy process on R that has a bounded and positive λ-potential density. Then P{T < ∞} > 0 for all ∈ R, where T := inf{ > 0 : X = }.
Remark 11.
(1) We are restricting attention to one dimension because there are no Lévy processes in R with ≥ 2 that have a bounded λ-potential; see Corollary 7 (page 66).
(2) We will see later on [Lemma 1, page 99] that if λ is continuous for all λ > 0, then it is positive everywhere. And a sufficient criterion for the continuity of λ [for all λ] is that
Proof. First of all, we can note that T < ∞ if and only if ∈ X(R + ). Therefore, by the Tonelli theorem,
Therefore, Theorem 5 tells us that || > 0 where := { ∈ R : P{T < ∞} > 0} By the Markov property, for all ∈ R and > 0,
where µ denotes the law of X . Consequently, we multiply both sides by exp(−λ) and integrate
Since P{T − < ∞} > 0 and λ () > 0 for all ∈ − , the left-hand side is positive. But the left-hand side is at most λ −1 P{T < ∞}.
Problems for Lecture 12
1. Let N := {N } ≥0 denote a rate-α Poisson process on R, where α ∈ (0 ∞). Prove that X := N −α is a Lévy process which does not have transition densities, but X has λ-potential densities for every λ ≥ 0.
2. Let X be a Lévy process in R with exponent Ψ such that e −ReΨ ∈ L 1 (R ) for all > 0. Then prove that X has transition densities given by
3. Let X denote a Lévy process on R with Lévy exponent Ψ, and T an independent subordinator with Laplace exponent Φ.
(1) Verify that the subordinated process Y := X T is a Lévy process; compute its Lévy exponent in terms of Ψ and Φ.
(2) Prove that if T and X both have transition densities, then so does Y . Do this by expressing the transition densities of Y in terms of those of X and T.
(3) Suppose T has transition densities and X has a λ-potential density for all λ > 0. Then prove that Y has a λ-potential density for all λ > 0; do this by expressing the latter potential densities in terms of the corresponding one for X, and the transition densities of T.
Prove that if {P } ≥0
is the semigroup of a Lévy process on R , then:
(1) P : C (R ) → C (R ) for all ≥ 0;
(2) If the process has transition densities, then P maps bounded and measurable functions to C (R ) for all ≥ 0.
5 (Hawkes' estimates). Consider a Lévy process X on R that has transition densities (). Prove that the following are equivalent:
(1) is bounded for all > 0;
(2) ∈ L 2 (R ) for all > 0;
(3) exp(−ReΨ) ∈ L 1 (R ) for all > 0, where Ψ denotes the Lévy exponent of X.
